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Based on fully finite temperature field theory we investigate the radiation probability in the
bremsstrahlung process in thermal QED. It turns out that the infrared divergences resulting from the
emission and absorption of the real photons are canceled by the virtual photon exchange processes
at finite temperature. The full quantum calculation results for soft photons radiation coincide
completely with that obtained in the semi-classical approximation. In the framework of Thermofield
Dynamics it is shown that the bremsstrahlung radiation in thermal QED is a coherent state, the
quasiclassical behavior of the coherent state leads to above coincidence.
I. INTRODUCTION
An important aspect of the research on the quark gluon plasma (QGP) is the evidence for its formation in ultrarel-
ativistic heavy ion collision. A lot of fruitful theoretical investigations have been made on the signals for the existence
of the QGP, for example, J/Ψ suppression [1], strangeness enhancement [2], jet quenching [3], dilepton and thermal
photon production [4] etc. As the electromagnetic signal of the QGP the production of the thermal photon has been
investigated by calculating the Compton scattering and qq¯-annihilation processes in the QGP state [5–9]. Recent
research [10] shows a very interesting result: the bremsstrahlung processes in the QGP state play an important role
in the thermal photon production, it generates contribution of the same order of magnitude as Compton scattering
and qq¯-annihilation processes based on the resummation of hard thermal loops [11]. So that the investigation of the
bremsstrahlung processes will be a subject of intense theoretical interest. The investigation in Ref. [10] focus on
the bresstralung processes with one photon radiation induced by the parton-parton interaction inside QGP. In this
paper We consider an external charged particle prepared at remote past goes through the plasma in thermal QED,
which produces bresstralung radiation with N(≥ 1) photon radiation by colliding with charged constituent inside the
plasma. Such study will be of help to calculate the energy loss of fermion when it goes through the plasma [12].
In the semi-classical approximation (classical charged current coupled with a quantized electromagnetic field) Wel-
don investigated the bremsstrahlung processes in QED and emphasized on the cancellation of the infrared divergence
[13]. In this paper, however, we use fully finite temperature quantum field theoretical method to analyze above
bremsstrahlung processes by calculating Feynman diagrams. we will show that the same cancellation of the infrared
divergence as in Ref. [13] occurs in the quantum field theoretical calculation. An interesting result is that quantum
calculation results coincide completely with the result obtained in the semi-classical approximation for the radiation
probability. We will argue the reason why the quantum effects of the bremstrahlung can be ignored by analyzing the
connection between the electromagnetic field in the bremsstrahlung process and coherent state at finite temperature.
This paper is organized as follows: In Sec. II we derive the radiation probability of the bremsstrahlung process by
calculating the Feynman diagram in the finite temperature field theory and investigate the cancellation of the infrared
divergence. In Sec. III we demonstrate that at finite temperature the radiation of soft photons in the bremsstrahlung
processes is a coherent state in the framework of Thermofield Dynamics. A short summary is given in Sec. IV.
II. RADIATION PROBABILITY AND INFRARED DIVERGENCE CANCELLATION
Consider an electron that passes through a plasma in equilibrium state with temperature T . The electron accelerates
by colliding with the charged constituent inside the plasma and produces the bremsstrahlung radiation.
Now we consider the outgoing electron line in which the electron radiates n photons with momentum k1, k2, · · · , kn,
respectively. Denote the initial four-momentum of the electron as p and the final four-momentum as p′.For the moment
we don’t care whether these are external real photons or virtual photons which connect to each other or the vertices on
the incoming electron line. In the calculation we should sum over all possible Feynman diagrams which correspond to
n! permutations for the ordering of the momenta k1, k2, · · · , kn as illustrated in Fig. 1. If we denote such permutation
1
as π = (π(1), π(2), · · · , π(n)) and π(i) is the number among 1 and n, then the Dirac structure (the part related to γ
matrices in the invariant scattering amplitude) of the Feynman diagrams is
∑
{pi}
u¯(p′)(−ieγµ1) i(6 p
′ + 6 kpi(1) +m)
(p′ + kpi(1))2 −m2
(−ieγµ2)
i(6 p′ + 6 kpi(1) + 6 kpi(2) +m)
(p′ + kpi(1) + kpi(2))2 −m2
· · · (−ieγµn)
i(6 p′ + 6 kpi(1) + · · ·+ 6 kpi(n) +m)
(p′ + kpi(1) + · · ·+ kpi(n))2 −m2
(iMhard) , (1)
where {π} denotes all possible permutation π. In the following we consider only soft photons radiation. Mhard
denotes the invariant scattering amplitude of hard processes in which no infrared divergence appears. For soft photon
emission, ki is small, we will drop the 6 ki terms in the numerators and the O(k2) terms in the denominators. It is
shown [14] the Dirac structure (1) become
ep′µ1
p′ · k1
ep′µ2
p′ · k2 · · ·
ep′µn
p′ · kn u¯(p
′)(iMhard) . (2)
Similar to the above derivation, for n photons attache to the incoming electron line as illustrated in Fig. 2, the
Dirac structure of Feynman diagrams in Fig. 2 is deduced as
iMhardu(p) ep
µ1
−p · k1
epµ2
−p · k2 · · ·
epµn
−p · kn . (3)
In general case, for n soft photons emission if we don’t distinguish which one comes from the outgoing or incoming
electron line, the Dirac structure corresponding to the sum over all possible Feynman diagrams can be expressed as
u¯(p′)iMhardu(p) · e( p
′µ1
p′ · k1 −
pµ1
p · k1 )
e(
p′µ2
p′ · k2 −
pµ2
p · k2 ) · · · e(
p′µn
p′ · kn −
pµn
p · kn ) . (4)
When calculating the radiation probability of the real photon emission in the thermal equilibrium environment of
the plasma, the Boson enhancement factor 1 + N(|k|) should be taken into account in the phase space integration.
Here N(|k|) = 1/[exp(|k|) − 1] is the Bose-Einstein distribution function. For the emission of a photon with energy
ω = |k|, from Eq. (4) we get the radiation probability
dP1
dω
=
∫
dΩ|k|2
(2π)3
e2
2|k| [1 +N(|k|)]
·
∑
λ
(
p′µ
p′ · k −
pµ
p · k )(
p′ν
p′ · k −
pν
p · k )ǫ
∗
µ(λ)ǫν(λ)
=
1
ω
[1 +N(ω)]A(p′, p) , (5)
where ǫµ(λ) is the polarization vector of the photon and function A(p
′, p) has been introduced in Ref. [13],
A(p′, p) = −e
2
2
∫
dΩ
(2π)3
(
p′
p′ · kˆ
− p
p · kˆ
) · ( p
′
p′ · kˆ
− p
p · kˆ
)
=
α
π
[
1
υ
ln(
1 + υ
1− υ )− 2] , (6)
where kˆ = (1,k/|k|) and v is the relative velocity of the final electron in the rest frame of the initial electron defined
by p · p′ = m2/√1− v2.
¿From Eq. (5) we see clearly that the radiation probability of a photon can be divided into two parts, the first part
is the same as obtained in quantum field theory and it is logarithmic infrared divergent [14]. The second part is the
contribution of the thermal effects. As ω → 0, N(ω) ∼ T/ω, then the second part
2
N(ω)
ω
A(p′, p) ∼ T
ω2
A(p′, p) , (7)
which indicates a new infrared divergence emerged in finite temperature field theory and this infrared divergence is
linear.
It is different to the quantum field theory at zero temperature, at finite temperature the electron can absorb thermal
photon from the heat bath. In getting the absorption probability, the phase space integration should be multiplied by
a Boson absorption factor N(|k|). It is similar to the above derivation, the probability for absorbing a photon with
energy ω = |k| can be deduced as
dP ′1
dω
=
1
ω
N(ω)A(p′, p) . (8)
We see again the linear infrared divergence resulting from the thermal effects as ω → 0.
As well known, in the QED theory at zero temperature the infrared divergences to all order are canceled by taking
into account all possible virtual processes [15–17]. In the following we investigate whether the new infrared divergences
emerged in finite temperature field theory can be canceled by the virtual processes.
By picking two photon momenta ki and kj and setting ki = −kj ≡ k, we can make a virtual photon. At finite
temperature the convenient way for calculating the contribution of virtual photon to the invariant scattering amplitude
is to use the real time formalism [18], for single virtual photon exchange process we have
X =
1
2
∫
d4k
(2π)4
e2(
p′µi
p′ · k −
pµi
p · k )(
p′µj
−p′ · k −
pµj
−p · k )∆
11
µiµj (k) , (9)
where 1/2 is needed because our procedure counted each Feynman diagram twice, ∆11µiµj (k) is the (11)-component of
the photon matrix propagator in the real time formalism,
∆11µiµj (k) = −gµiµj
(
i
k2 + iη
+ 2πN(|k0|)δ(k2)
)
. (10)
The real part of X arises from (1 + 2N(|k0|))πδ(k2) term, so that we get
ℜ(X) = e
2
2
∫
d4k
(2π)4
(
p′
p′ · k −
p
p · k ) · (
p′
p′ · k −
p
p · k )(1 + 2N(|k0|))πδ(k
2)
= −1
2
A(p′, p)
∫
d|k|
|k|
(
1 + 2N(|k|)) . (11)
Similar to Eq. (5), ℜ(X) can be divided into two parts, one part is the same as obtained in quantum field theory
and another part is the contribution of the thermal effects. Both parts are all infrared divergent and give negative
contribution comparing to the real emission (5) and absorption (8).
The effect of adding one virtual infrared-photon correction to a diagram which does not involve any virtual processes
is to multiply the amplitude by a factor (1+X), and thus multiplies the rate by |1+X |2 ≈ 1+ 2ℜ(X). For n virtual
photon exchange processes, each virtual photon will contribute a X to the invariant scattering amplitude, sum over
n, then the total contribution of all possible virtual photons to the radiation probability can be exponentiated as∣∣∣∣∣
∞∑
n=0
Xn
n!
∣∣∣∣∣
2
= e2ℜ(X) , (12)
where 1/n! is a symmetry factor because interchanging virtual photon with each other does not change the diagram.
In the practical calculation of the bremsstrahlung process, all possible emissions and absorptions of the real photons
and all possible exchanges of the virtual photon should be taken into account at the same time. So that the probability
of radiating a net energy E is
dP
dE
= exp[2ℜ(X)]
∞∑
n=1
∫
1
n!
dΦ1dΦ2 · · · dΦn
δ(k01 + k
0
2 + · · ·+ k0n − E)
n∏
i=1
∑
λ
e2(
p′µ
p′ · ki −
pµ
p · ki )
(
p′ν
p′ · ki −
pν
p · ki )ǫ
∗
µ(λ)ǫν(λ) , (13)
3
where 1/n! is symmetry factor because n photons are identical particles, and dΦi is integration of phase space. For
emission (k0i = |ki|) and absorption (k0i = −|ki|), dΦi is defined as
dΦi =
d3|ki|
(2π)3
1
2|ki| ×
{
1 +N(|ki|), if k0i = |ki|
N(|ki|), if k0i = −|ki|
=
d4ki
(2π)3
δ(k2i )[θ(k
0
i ) +N(|ki|)] . (14)
¿From Eq. (13) it is easy to deduce
dP
dE
=
+∞∫
−∞
dt
2π
e−iEteR¯(t) , (15)
where
R¯(t) = 2ℜ(X) +R(t) , (16)
R(t) = −e2
∫
dΦie
ik0i t(
p′
p′ · ki −
p
p · ki )
·( p
′
p′ · ki −
p
p · ki ) . (17)
Both ℜ(X) and R(t) contain infrared divergence, but the sign is opposite. Inserting Eqs. (11) and (17) into Eq.(16)
we get
R¯(t) = A(p′, p)
∫
d|k|
|k|
[(
1 +N(|k|))ei|k|t
+N(|k|)e−i|k|t − (1 + 2N(|k|))] . (18)
If |k| is small, then N(|k|) ∼ T/|k| and ei|k|t ∼ 1+ i|k|t. Substitute them into Eq. (18), the linear and the logarithmic
divergent terms are canceled exactly, so that the radiation probability (15) is finite in the infrared region at finite
temperature.
In order to perform the integration in Eq. (18) it is convenient to introduce a cutoff factor exp(−|k|/Λ) to the
integrand in the ultraviolet region. After introducing this cutoff factor, the radiation probability (15) coincides
completely with the result,
dP
dE
=
∣∣∣∣Γ
(
A
2
+ i
E
2πT
)∣∣∣∣
2
eE/2T e−|E|/Λ
4π2TΓ(A)
(
2πT
Λ
)A
, (19)
which has been obtained in Ref. [13] in the semi-classical approximation.
III. CONNECTION BETWEEN BREMSSTRAHLUNG RADIATION AND COHERENT STATE
In above full quantum field theoretical calculation we consider only soft photons. The full quantum calculation
result is completely the same as that obtained in the semi-classical approximation. It seems that the quantum effects
is unimportant for soft photon radiation in bremsstrahlung process. In the following we argue the reason.
Now we calculate the probability of producing n photons in bremsstrahlung process. Suppose the energy of all
photons is between ω and ω +∆ω. The contribution of all virtual photons to probability amplitude is
ℜ(X ′) = −1
2
A(p′, p)
ω+∆ω∫
ω
d|k|
|k|
(
1 + 2N(|k|)) . (20)
The probability for producing n photon with energy between ω and ω +∆ω can be expressed as
4
Pn(ω) = exp[2ℜ(X ′)] 1
n!
n∏
i=1
∑
λ
ω+∆ω∫
ω
dΦi
e2(
p′µ
p′ · ki −
pµ
p · ki )(
p′ν
p′ · ki −
pν
p · ki )ǫ
∗
µ(λ)ǫν(λ)
=
λn
n!
e−λ . (21)
It is a Poisson distribution. The average photon number is
〈n〉 = λ = A(p′, p)
ω+∆ω∫
ω
d|k|
|k| [1 + 2N(|k|)] . (22)
At high temperature limit T ≫ 1, N(|k|) ∼ T/|k|, we see that the average photon number increases linearly with
increasing temperature.
It is known that at zero temperature the final state in the bremsstrahlung process is a coherent state and the
distribution of the photon are also a Poisson distribution [19] like Eq.(21). This stimulate us to investigate whether
the bremsstrahlung radiation result from a coherent state at finite temperature.
In the following we demonstrate that at finite temperature the photon radiation in the bremsstrahlung process
really does come from a coherent state of the field operator in the framework of Thermofield Dynamics [20]. In the
Thermofield Dynamics a so-called tilde system which is identical to the original system has been introduced in order
to define the thermal vacuum state and the thermal field operator. The complete Lagrangian for the combined system
describing the radiation of photons by a classical current jµ(x) is
Lˆ = L − L˜ , (23)
where the Lagrangian for original and tilde system are
L = −
(
1
4
FµνF
µν + jµA
µ
)
, (24)
L˜ = −
(
1
4
F˜µν F˜
µν + j˜µA˜
µ
)
, (25)
respectively. In Thermofield Dynamics we introduce the doublet field and source
Aµ(x) =
(
Aµ(x)
A˜µ(x)
)
, Jµ(x) =
(
jµ(x)
j˜µ(x)
)
. (26)
For the bremsstrahlung process we can assume that the current Jµ(x) is switched on adiabatically on a finite time
interval. Use the retarded and advanced Green function the solution of the equation of motion for field Aµ(x) at zero
temperature can be expressed as
Aµ(x) = Ainµ (x) +
∫
d4yGretµν (x− y)J ν(y)
= Aoutµ (x) +
∫
d4yGadvµν (x− y)J ν(y) . (27)
The quantum free field Ainµ (x) and Aoutµ (x) describe the photon field before and after its interaction with the current
Jµ, then we have
Ainµ (x) = limx0→−∞Aµ(x) , A
out
µ (x) = limx0→+∞
Aµ(x) . (28)
At zero temperature the retarded and advanced Green function can be written as
iGretµν (x− y) = θ(tx − ty)〈0, 0˜|
(
[A
(0)
µ (x), A
(0)
ν (y)], 0
0, [A˜
(0)
µ (x), A˜
(0)
ν (y)]
)
|0, 0˜〉 , (29)
iGadvµν (x− y) = −θ(ty − tx)〈0, 0˜|
(
[A
(0)
µ (x), A
(0)
ν (y)], 0
0, [A˜
(0)
µ (x), A˜
(0)
ν (y)]
)
|0, 0˜〉 . (30)
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In the Thermofield Dynamics the connection between usual vacuum |0, 0˜〉 and the thermal vacuum |0, β〉 is a
Bogoliubov transformation [20],
|0, β〉 = U(θ)|0, 0˜〉 , (31)
U(θ) = exp
[
−
∑
k
θk(β)
(
a˜kak − a†ka˜†k
)]
, (32)
with
cosh θk(β) =
1√
1− e−β|k| , sinh θk(β) =
eβ|k/2√
1− e−β|k| , (33)
where β = 1/T . From Eq.(27) corresponding thermal field can be expressed as
Aµ(x, β) = U †(θ)Aµ(x)U(θ)
= Ainµ (x, β) +
∫
d4yGretµν (x− y, β)J ν(y, β)
= Aoutµ (x, β) +
∫
d4yGadvµν (x− y, β)J ν(y, β) , (34)
where corresponding thermal field, retarded and advanced Green function and the source are
Ain,outµ (x, β) = U †(θ)Ain,outµ (x)U(θ) , (35)
Gret,advµν (x − y, β) = U †(θ)Gret,advµν (x− y)U(θ) , (36)
Jµ(x, β) = U †(θ)Jµ(x)U(θ) . (37)
¿From Eq.(34) we obtain
Aoutµ (x, β) = Ainµ (x, β) +
∫
d4y
[
Gretµν (x− y, β)−Gadvµν (x− y, β)
]J ν(y, β)
= Ainµ (x, β) +Aclµ (x, β) , (38)
where Aclµ (x, β) is the classical thermal field radiated by the current J (x, β) at finite temperature.
Define the thermal in- and out-state connecting the thermal in- and out-state field as |0, β〉in and |0, β〉out, respec-
tively. They are connected by a unitary operator S as
|0, β〉out = S|0, β〉in . (39)
Then we have
Aoutµ (x, β) = S−1Ainµ (x, β)S . (40)
The thermal vacuum state |0, β〉in is an eigenvector of the annihilation part Ain(+)µ (x, β) with positive frequency,
Ain(+)µ (x, β)|0, β〉in = 0 . (41)
¿From Eq.(38) we have
Aout(+)µ (x, β)|0, β〉in = S−1Ain(+)µ (x, β)S|0, β〉in
= Acl(+)µ (x, β)|0, β〉in . (42)
This expression lead to
Ain(+)µ (x, β)|0, β〉out = Acl(+)µ (x, β)|0, β〉out . (43)
Eq.(43) indicate that at finite temperature the final state in bremsstrahlung process is a coherent state because it is
just the eigenstate of annihilation thermal field operator.
The main features of the coherent state are that the coherent state is represented by a minimum uncertainty wave
packet, the quantum correlation in these states is absent, so that the coherent state behaves as a quasiclassical state.
It is the quasiclassical property of the coherent state which leads to that our full quantum calculation results coincides
completely with that obtained in the semi-classical approximation.
6
IV. CONCLUSION
By directly calculating the Feynman diagram, we use fully finite temperature field theoretical method to derive
the radiation probability of the bremsstrahlung processes in thermal QED. It is shown that the infrared divergence
are canceled to each other by taking into account the real photon emission, absorption and virtual photon exchange
processes at the same time. The radiation probability for soft photons coincides completely with the result obtained
in the semi-classical approximation. At zero temperature it is known that the bremsstrahlung radiation comes from
the coherent state, we generalize this argument to the finite temperature case. Based on the Thermofield Dynamics it
is shown that the final state in bremsstrahlung process is a coherent state at finite temperature. Because the coherent
state is a state which is the most approachable to classical limit and is permitted to exist in quantum theory, this
quasiclassical features makes that the semi-classical approximation produces same result as the quantum calculation.
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FIG. 1. Feynman diagram for the outgoing electron line radiating n photons.
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FIG. 2. Same as Fig. 1 but for incoming electron line.
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